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Section 2.4 - The Derivative as a Function

The Derivative - Revisited

Instead of taking the derivative of a function f (x) at a fixed number a, we will now take a
different approach and let the value of a vary. In other words, we never plug in a value for
x . We then get the derivative as a function of x .

Definition (Derivative of f (x))

For a function f (x), the derivative of f is the function f ′(x) defined by

f ′(x) = lim
h→0

f (x + h)− f (x)

h
.

The domain of f ′ consists of the values in the domain of f (x) for which the limit above
exists.
The function f (x) is said to be differentiable at x = a if the derivative f ′(a) exists.
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Section 2.4 - The Derivative as a Function

Comparing the Graphs of f and f ′

Example

For the given function f (x), (a) find f ′(x), (b) compare the graphs of f and f ′.
1 f (x) = 2x + 4

2 f (x) = 2x2 − 3
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Section 2.4 - The Derivative as a Function

About Differentiability

There are three ways in which a function could not be differentiable:

A corner
A discontinuity
A vertical tangent

Theorem

If a function is differentiable at a number, then it is continuous there.
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Section 2.4 - The Derivative as a Function

Alternative Notations

Recall that an alternative notation we had for a difference quotient for y = f (x) was

∆y
∆x

=
f (x2)− f (x1)

x2 − x1
.

In this notation, the derivative would be

f ′(x) = lim
∆x→0

∆y
∆x

.

Motivated by this, we also have the notation for the derivative given by

dy
dx

= lim
∆x→0

∆y
∆x

.

That is, we have:

f ′(x) =
dy
dx

f ′(a) =
dy
dx

∣∣∣∣
x=a
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Section 2.4 - The Derivative as a Function

Second Derivatives

We can also try to take the derivative of a derivative... this is called the second derivative.

If y = f (x), then the second derivative is denoted by f ′′(x) (“f double prime”), or in the
other notation,

d
dx

(
dy
dx

)
=

d2y
dx2 .

Example

Compute the second derivative of f (x) = 2x2 − 3 and compare the graph of f ′′ to the
graph of f and f ′.
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Section 2.4 - The Derivative as a Function

Derivatives and the Information They Provide

Knowing information about the first and second derivatives of a function can tell you a lot
of information.

If f ′(x) > 0 on an interval, then f is increasing on that interval.
If f ′(x) < 0 on an interval, then f is decreasing on that interval.
If f ′′(x) > 0 on an interval, then f is concave up on that interval.
If f ′′(x) < 0 on an interval, then f is concave down on that interval.

Other consequences:
If f ′(a) = 0, then f has a possible local minimum or local maximum at a.
If f ′′(a) = 0, then f has a possible inflection point at a. (An inflection point is a point
where the concavity changes.)
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